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ABSTRACT 
Ryser conjectured that the number of transversals of a latin square is odd if and 
only if the latin square is of odd order. It is proved here that the number of 
transversals of a kin square of even order is even. A related conjecture is stated. 
1. PRELIMINARIES 
Suppose N= {1,2,..., n}. A matrix A = (a[& j]) of order n X n is said to 
be a row (column) latin square if every row (column) of A is a permutation of 
N. A is a latin square if it is both a row and a column latin square. If S(n) is 
the full symmetric group of degree n and if s E S(n), then the diagonal of A 
corresponding to s is { a[ i, s(i)] 1 i = 1,2,. . . , n }. A transversal of an n X n 
matrix over N is a diagonal in which all the &merits are distinct. 
I-I. J. Ryser [3] conjectured that the number of transversals of a latin 
square A over N is odd (even) if n ( = JN I) is odd (even). A related 
conjecture is that every latin square of order n has a diagonal with at least 
n - 1 distinct symbols. See P. Erdijs et al. [l]. 
We will denote the number of transversal of A by t(A). In this paper we 
prove that t(A) is even if A is an even ordered row latin square (RLS). 
Suppose A is a matrix over X = { x[l], x[2],..., x[n]}, a set of n distinct 
indeterminates over the real field R. Identifying i with xii], we can define 
RLS over X is an analogous manner. If A is an RLS over N, let A[ X] 
represent the matrix obtained from A by replacing i wi& r[i] for 
i = 1,2 ,..., n. 
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For any n X n matrix A = (a[ i, j]) over any field F we define the 
permanent of A, written per(A), by per(A) = Cscs(n)l-l:_hlu[i, s(i)]. For all 
the properties of permanents used in the sequel see Mint [2]. 
LEMMA 1. lf A is an RLS, then t(A) is the coeficient of lIr_,,x[i] in 
p&WI). 
Proof. Follows directly from the definitions of transversal and 
permanent. 
Suppose f(x[l],..., x[ n]) is a function from R” to R. Let (r) f be the 
sum of the values of f at the (F) vectors in which r of the components are 1 
and the remaining components zero. 
LEMMA 2. If p(r[l],..., x[ n]) is a polynomial Df degree n in 
XPI ,...,x[n] overR, thenthecoeflcientof lly_,,x[i] inp:‘sC( -l)n-r(r)p, 
where the summation is over r = 0, 1,. . . , n. 
Proof. This is quite easy to prove using the method of inciusion- 
exclusion. 
LEMMA 3. t(A) = i (- I)“-‘(r)pe.(A[X]). 
r=O 
Proof. This follows readily from Lemma 1 and Lemma 2. 
From nova onwards we will do our calculations in Z(2), the field (0, 1). 
Thus “ = ” will mean congruence mod 2. In particular we have 1 = - 1 and 
det( A) = per(A) for any integral square matrix A. 
It is clear that (r) per(A[X]) is an integer for every r. We state a 
conjecture the proof of which will completely settle Ryser’s conjecture on the 
number of transversals of a latin square. 
2. A CONJECTURE 
CONJECTURE. If A[ X] 
even for r=2,3 ,..., n. 
is a latin square over X, then (T) per( A [ X ]) is 
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Some results in favor of the conjecture follow. 
PROPOSITION 2.1. Zfr is eoen, the (r)per(A[X]) is euen. 
Proof. (r)per(A[X]) = (r)det(A[X]) clearly. In calculating det(A[X]) 
we wiU be finding the sum of the determinants of (0,l) matrices with row 
sums and column sums r. When r is even, the row sums are 0 in Z(2). Thus 
all such determinants are zero in value, proving that (I) per( A[ X 1) = 0. 
PROPOSITION 2.2. (n)per(A[X]) is even for n > 1. 
Proof. (n) per( A[ X]) is the permanent of a matrix ah whose elements 
are 1. Clearly such a matrix is singular, and the result follows as in Proposi- 
tion 2.1. 
PROPOSITION 2.3. (n - 1) per( A[ X]) is even for n > 1. 
Proof. (n - l)Per(Wl) is clearly the sum of the permanents of n 
matrices each of which is permutationahy equivalent o E - I, where E is a 
matrix ah whose elements are 1 and I is the identity matrix. But it is well 
known that 
per(E-Z)=n! 1-f+-$- .*. + 
(-1)*-y 
nl 
I 
=( -l)“+( -l)“-‘n=n+l. 
Thus(n-l)per(A[X])=n(n+l)=O. 
NOTE 2.4. (0) per( A[ X]) = 0 obviously. (1) per( A[ X]) = n, as this is 
the sum of permanents of n matrices each of which is permutationahy 
equivalent o 1. 
REMARK 2.5 (A consequence of the truth of the conjecture). If the 
conjecture is true, then for any latin square A ow X= {x[l],...,r[nl}, 
t(A[Xl) = C&C - l)“-‘( r)per(A[Xl) = n, and this is precisely Ryser’s 
conjecture. 
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REMAM 2.6 (An interpretation of the conjecture). A (0,l) matrix of 
order n x n is said to be a permutation matrix if (1) it has precisely n of its 
elements 1, (2) all its l’s are on a diagonal. Suppose P[l], P[2], . . . , P[ n] are 
n permutation matrices of order n X n such that P [ l] + P[2] + - - - + P [ n] 
= E. 
If A[x] is a latin square over X= {x[l],x[2],...,x[n]}, then we can 
define P[ r] by setting x[ r] = 1 and x[ s] = 0 for s = r in A[ X]. It is clear 
from the definition of latin square that the P[r]‘s are permutation matrices 
adding up to E. 
The conjecture is now seen to be equivalent to the following: If 
P[ll,..., P[ n] are permutation matrices with sum E, then for r = 2,3,. . . , n 
the sum of the permanents (determinants) of matices formed by adding r 
distinct P[ i]‘s is even. 
3. RESULTS 
An interesting theorem now follows. 
THEOREM 1. If A is a square integral matrix of even order with all row 
sums even (odd ), then per(A) + per( E - A) is euen. 
Proof. Let x be an integer. It is not difficult to see that det(A + XE) = 
det(A)+ xdet(B), where B has ith row equal to (ttar row of A) - (first row 
of A) for i = 2,3,..., n, and l’s in the first row. ‘lhus all the row sums of B 
are even, and consequently det( B) = 0 mod 2. Hence per(A) + per(E - A) F 
det(A)+det(A - E) = 0 mod 2. 
THEOREM 2. IfAisanRLSouerX= {r[l],...,x[ri]}, whereniseuen, 
then CF_a(r)per(A[X]) is euen. 
Proof. In (r) per( A]X]) we will be adding the permanent of (0,l) 
matrices whose row sums are all r. If A is one such matrix, then E - A will 
contribute to (n - r)per(A[X]). Hence, if r < n/2, then (r)per(A[X])+ 
(n- r) per( A[ X]) is even by Theorem 1. When r = n/2, the matrices 
contributing to (n/2) per( A[X]) can be grouped into pairs of the form A 
and E - A, and hence by Theorem 1 (n/2) per( A[ X]) is even. The theorem 
now follows from Propositions 2.2 and 2.3. 
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THEOREMS. Zf A is an RLS of euen order, then t(A) is euen. 
Proof. This follows from Theorem 2, Lemma 3, and Note 2.4. 
COROLLMY. Theorem 3 is true eoen if we replace RLS by column lutin 
square or simply latin square. 
4. CONCLUSION 
The methods used here merely tell us that the number of transversals of 
an even ordered latin square is even. Nothing is said about the actual number 
of transversals, nor do we claim the existence of at least one transversal. More 
refined methods wilI be needed to answer such questions. 
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